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INTRODUCTION 
The NDE of real-life situations is based on elastic (ultrasonic) wave propagation, 
diffraction and scattering in dissipative inhomogeneous isotropic or anisotropic media. 
Physical phenomena of elastic waves are described by linear Cauchy's equation of 
motion and equation of deformation rate [1, 2]. Interpretation of the very complicated 
behavior of elastic waves, especially in inhomogeneous anisotropic media, requires 
powerful computational tools to model and study advanced NDT situations. Such a 
tool is the well-established Elastodynamic Finite Integration Technique (EFIT) 
basically formulated by Fellinger [3, 4]. Recently, EFIT has been extented to simulate 
elastic waves in dissipative (viscoelastic) and homogeneous anisotropic media [5, 6]. 
From the past decades, well known numerical procedures are the Finite 
Difference Method (FDM) [7] and the Finite Element Method (FEM) [8]. Another 
method is the Velocity-Stress Finite Difference Method (VS-FDM) indroduced by 
Virieux [9]. It is a solution of the governing equations in differential form on a 
staggered grid for the particle velocity and stress tensor components. This is an 
equivalent method to the Finite Difference Time Domain method (FDTD) used by 
Vee [10] to solve Maxwell's equations. The discrete equations of Virieux are close to 
those of EFIT. But, a major difference lies in the discretization procedure. VS-FDM is 
based on the basic equations in differential form. Instead, EFIT uses the integral form, 
which leads always to a unique, stable, consistent and finally convergent numerical 
method. EFIT has a successful pendant in electromagnetics called MAFIA [11]. 
Because of the simple structure of EFIT equations, those are highly suitable for 
high-performance vector and/or parallel computer implementation. To solve arbitrary 
initial-boundary-value problems appropriate boundary conditions are implemented. 
Also open and the plane-wave boundary conditions are indroduced [12, 13] to model 
unbounded regions. Presently, we are implementing a user-friendly Graphical 
Presentation Manager (GPM) based on OSF-Motif and X-Windows. 
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THE GOVERNING EQUATIONS OF VISCOELASTIC WAVES 
The governing equations of viscoelastic waves are Cauchy's equation of motion 
and the equation of deformation rate [1,2]. These equations are given in integral form 
for a finite volume V with the surface S by 
t :tP..(R, t) dV = Ii rl' T(R, t) dS + t f(R, t) dV, (1) 
t :t~(R, t) dV = Ii sym{rly(R, tn dS + t~(R, t) dV; (2) 
p is the momentum density vector, T is the stress second rank tensor, S. is the strain 
Second rank tensor, y is the particle~elocity vector, f is the source of f~rce density, ~ 
is the source of deformation rate second rank tensor, rl is the outward normal 
unit-vector of S and sym {rlY} denotes the symmetric part of the dyad rlY. 
According to linear viscoelastodynamics the material properties are contained in the 
material parameters of the constitutive equations for inhomogeneous dissipative 
(viscoelastic) anisotropic media: 
p"(R, t) = go(R)y(R, t) , 
~(R, t) = ~(R) : T(R, t) - ~(R): sym {Vy(R, tn; 
= '~------~v~------~ 
Hooke's law Relaxation term 
(3) 
(4) 
go is the massdensity at rest, ~ is the compliance and ~ is the relaxation tensor, both 
of fourth rank. The latter contains the essence of viscoeiasticity. These tensors are 
symmetric and positive definite [2]. Inserting Eqs. (3) and (4) in Eqs. (1) and (2) gives 
t go(R)y(R, t) dV = Ii rl' !(R, t) dS + t f(R, t) dV , (5) 
t~(R):T(R,t)dV= lisym{rlY(R,tndS+ t ~(R):sym{VY(R,tndV+ 
+ t~(R,t)dV. (6) 
These equations are coupled through the particle velocity y, y and the stress tensor 
T, T. The inverse ~-1 of the compliance tensor is the stiffness tensor £, the double 
- -
contraction £: ~ defines the viscosity tensor !b and £: ~ represents the source of 
stress rate.li. For isotropic media the stiffness and viscosity tensors read 
£1SO = '\(R)H + I'(R) C!J?324 + H 1342) , 
- -- -- --
(7) 
(8) 
A, I' are Lame's constants and "Iv is the volume and "Is the shear viscosity. The upper 
indicial notation - i.e. n;1324 - refers to a corresponding rearrangement of the 
elements of the underlyiii.g fourth rank tensor. For hexagonal crystals or transversely 
isotropic media the stiffness tensor has the coordinate-free form 
£H,T1 (m) = (C2- 2C5) H + cs (Hl324 + Hl342) + [Cl + C2 - 2 (C3 + 2C4)] m m m m + 
c: 
+ (C3·- C2 + 2cs) (!mm + mm!) + 
(9) 
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m denotes the unit-vector perpendicular to which isotropy holds and the Ci, 
i = 1, ... ,5 are the five independent stiffness constants. For orthorhombic crystals or 
orthotropic media the stiffness tensor has the coordinate-free representation 
3 
~ORTHO (mi) = L Ci mimimimi + C4 (m1m 1m 2m 2 + ffi2m 2m 1m 1) + 
i=1 
+ Cs (ml m 1!!!:3!!!:3 + !!!:3!!!:3ml m 1) + C6 (m2m 2!!!:3!!!:3 + !!!:3!!!:3m2m 2) + 
+ C7 (m2!!!:3m 2!!!:3 + m 2!!!:3!!!:3m 2 + !!!:3m 2m 2!!!:3 + !!!:3m2!!!:3m2) + 
+ Cs (ml!!!:3m l!!!:3 + m 1!!!:3!!!:3m l + !!!:3m l!!h!!!:3 + !!!:3m1!!!:3m1) + 
+ Cg (m1m 2m 1m 2 + m 1m 2m 2m 1 + m 2m lm 1m 2 + m 2m 1m 2m 1); (10) 
mi, i=I,2,3 are the three symmetry planes normal unit-vectors and the Ci, i = 1, ... ,9 
are the nine independent stiffness constants. We have also formulated coordinate-free 
stiffness tensors for cubic [4] and tetragonal crystal structures [14]. 
THE ELASTODYNAMIC FINITE INTEGRATION TECHNIQUE - EFIT 
The point of observation in three-dimensional space lR? is specified by the 
cartesian coordinates {Xl, X2, X3} with respect to a fixed reference frame with origin 0 
and the three mutually perpendicular base unit vectors {~1' ~2' ~}. The position 
vector will be denoted by R = Xl~l + X2~2 + X3~. With the discrete parameters 
{~x,~t E IR} and the integer counters {i 1 ,i2 ,i3 ,z E Z} spatial and time 
discretization yields Xk = ik~X, i k = 1, ... , h, k = 1,2,3 and t = z~t, z = 0, ... , z. 
We discretize the spatial domain of interest in cubic cells with volume V = ~X3, 
which are equal to material cells numbered by the node n containing g~n), s~jL or c;jL 
and Ti~~l or ",;j21. Then formulating Eqs. (5) and (6) for one cubic cell and applying 
FIT [3] yields a full 3D code. A 3D-EFIT version for homogeneous isotropic media is 
given in [16]. Because of the limited space we restrict the presented EFIT equations 
to the two-dimensional case, especially to the xlxTplane with Ml = 1 and M3 = II. 
Then for 2D-EFIT we have a set of five discrete equations. The first Cauchy equation 
of motion serves for the vl-component and the first equation of deformation rate gives 
the T ll-component at node n 
Ti~)(t) = ~x {Ci~~1 [vin)(t) - vin - M ,) (t)] + ci~L Hn)(t) - v~n-M3)(t)] + 
+ Ci~~3 [v~n+MJ)(t) + v~n+Ml-M3)(t) _ v~n-Ml)(t) _ v~n-Ml-M3)(t)+ 
(11 ) 
+ vin+M3)(t) + vin-Ml+M3)(t) _ Vin- M3 \t) _ vin-Ml-M3)(t)] + (12) 
+ ",i~~l [vin)(t) - vin-MJ)(t)] + ",i~13 Hn)(t) - v~n-M3)(t)] + 
+ ",i~i3 Hn+MJ)(t) + v~n+Ml-M3)(t) _ v~n-Ml\t) _ v~n-Ml-M3)(t)+ 
+ vin+M3)(t) + vin-Ml+M3)(t) _ Vin- M3 )(t) _ vin-Ml-M3)(t)]} + gi~)(t). 
Similar equations are given for the V3 and T33 components. Only for the off-diagonal 
T 13-component we have to apply an appropriate averaging procedure to get the Cijkl 
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Figure 1. 2D-geometry of the concrete block with embedded air filled cylinder. 
and 'ifijkl' The following time discretization yields an explicit leap-frog scheme 
{v})z) 
{v})z) 
{T}Sz+~) 
{V})Z-l) + ~t{v}}Z-t) 
{ . }(z-~) v. , 
{T}(z-t) + ~t{T}(z) . 
'tJ tJ ' 
i,j = 1,2,3, 
(13) 
(14) 
(15) 
{v} and {T} are vectors composed of v)n) and Til) for all nodes n. The upper index 
notation of the EFIT equations indicates the dislocation of the Vi - Tij components. 
This implies the FIT specific staggered dual grid, which is appropriate for the FIT 
discretization of the Eqs. (5) and (6). To solve arbitrary elastic initial-boundary-value 
problems, boundary conditions have been implemented, for instance the stress-free 
(n' T = Q) and particle velocity-free (y = Q) boundary conditions. Also we built in 
the open and plane wave boundary conditions [13J. Stability condition and dispersion 
relation are derived, consistency is shown, which ensures convergence of EFIT if the 
stability condition is satisfied [4J. 
2D-EFIT MODELING OF VISCOELASTIC WAVES IN CONCRETE 
In the first 2D-EFIT modeling example we consider the NDE of concrete. The 
concrete is modeled as an inhomogeneous dissipative (viscoelastic) isotropic medium. 
Material properties are eo=2400 kg/m3, cp=4000 mis, cs=2500 mis, 7]v=8.51 Pa s 
and 7]s=2.32 Pa s. To model the grain structure of concrete we distorted eo, Cp, Cs by 
a Gaussian noise of 20%. Every EFIT lattice cell has different material properties. 
Fig. 1 shows the geometry of the concrete block with an embedded air filled cylinder. 
We applied on the top, bottom and cylinder surface the stress-free and on the left and 
right surface the plane-wave boundary condition. The rectangular concrete block is 
excited on the upper surface with a plane pressure wave with a broadband signal, 
which is a 2-cycle raised cosine with a carrier frequency of fe = 3 MHz. Then the 
attenuation factors are o:p(Jc)=1.08 dB/cm and o:s(Je)=0.95 dB/cm. IYI-snap-shots 
of the propagation and scattering of the elastic wavefield are shown in Fig. 2. 
Ultrasonic rf-data are computed in the pitch-catch mode on the upper surface. The 
B-scan is displayed in Fig. 3. Modeling techniques such as EFIT can serve imaging 
schemes - for instance the ELastic-Fourier Transform-Synthetic Aperture Focusing 
Technique (EL-FT -SAFT) [17J - to reveal as to what extent the image agrees with 
the given defect geometry. Fig. 4 shows the EL-FT-SAFT image in the xlx3-plane. 
Such a model tells us, that an imaging scheme like EL-FT-SAFT when applied to a 
single planar measurement surface and relying on a pulsed excitation with a finite 
bandwidth, is only able to image the upper surface of the cylinder. The effects of the 
damped and undamped case is given in Fig. 5. 
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Figure 2. IYI-2D-EFIT-snap-shots. 
Figure 3. B-scan. 
Figure 4. EL-FT-SAFT image. 
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Figure 5. Cross section of the v3-2D-EFIT-snap-shot at Xl = 3.0mm as a function of 
X3' 
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Figure 6. Slowness curves S,/) group velocity curves l£g1] 1 and lyJ2D-EFIT-snap-shot in 
the xlx3-plane of austenit with m = ~l and Cl =217.1, c2=263.2, c3=144.4, c4=128.4, 
cs=82.4 in GPa and flo =8100 kg/m3 . 
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Figure 7. Slowness curves s1]' group velocity curves l£g1) 1 and IY:l-2D-EFIT-snap-shot 
in the xlx3-plane of steeloxid with mi = ~i' i = 1,2,3 and Cl =256, c2=250, c3=240, 
c4=115, cs=148, c6=151, c7=1l7, cs=125, cg=68 in GPa and flo=7810 kg/m3. 
SLOWNESS AND GROUP VELOCITY CURVES COMPARED TO 2D-EFIT MOD-
ELING OF LINE FORCE EXCITATION OF ANISOTROPIC MEDIA 
The figures 6 and 7 are showing the slowness and group velocity curves in 
comparison to the bcl-2D-EFIT-snap-shots of elastic waves in homogeneous 
anisotropic media in the xlx3-plane excited by a vertical line force f3 with a 2-cycle 
raised cosine pulse. Due to the two-dimensional modeling with 2D-EFIT only the 
wave surfaces of the quasi-pressure (qP) and the quasi-shear 1st (qSl) mode are 
computed, which are explicitly related to the pertinent group velocity curves. 
2D-EFIT MODELING OF ULTRASONIC NDT OF AN AUSTENITIC V-BUTT WELD 
Fig. 8 shows the geometry of the central V-butt austenitic weld surrounded on 
either side by isotropic ferrite. A macrograph [18] and model of the grain structure of 
the V-butt weld [19] serving for the crystal orientation m(R) used for 2D-EFIT 
modeling are shown in Fig. 9. Fig. 10 shows a IYI-snap-shot displaying the radiated 
monochromatic elastic wave field from a finite 45°-pressure (P) probe into the V-butt 
weld compared to the quasi-pressure (qP) beam profile by Ogilvy via appToximate ray 
tracing [19]. For a better comparison of both methods we applied on the top surface 
the stress-free and on the remaining surfaces the open boundary condition. Fig. 11 
presents an equivalent comparison of the monochromatic elastic wave field radiated 
from a finite 45°-shear vertical (SV) probe and the quasi-shear 1st (qS1) beam profile. 
Both, the IYI-snap-shots and beam profiles obviously have very much in common. 
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The EFIT wave fields are including reflections, refractions and mode conversions and 
the beam profiles are only for one separated mode. 
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Figure 8. 3D-geometry of the V-butt weld surrounded by ferrite. 
Figure 9. Macrograph and the model of the grain structure used for EFIT modeling. 
Figure 10. Monochromatic 45°-pressure (P) probe radiation: bd-2D-EFIT-snap-shot as 
compared to the quasi-pressure (qP) beam profile; the probe is indicated by the black 
bar. 
Figure 11. Monochromatic 45°-shear vertical (SV) probe radiation: bd-2D-EFIT-snap-
shot as compared to the quasi-shear 1st (qS1) beam profile; the probe is indicated by 
the black bar. 
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CONCLUSION 
The numerical method EFIT as a powerful computational tool to model real-life 
NDE-problems concerning the elastic (ultrasonic) wave propagation, diffraction and 
scattering in inhomogeneous (viscoelastic) dissipative isotropic and anisotropic media 
has been presented. The advantage of this method is the fact, that both governing 
equations are discretized by FIT. This gives a consistent numerical method and highly 
suitable equations for vector or massively vector-parallel high-performance computer 
implementation. Further, every lattice cell of the EFIT mesh, the size is given by the 
lattice size (~x), can contain different material properties like massdensity, compliance 
(stiffness), viscosity or crystal orientation to model highly inhomogeneous anisotropic 
material configuration. Such an NDE-problem is the NDT of austenitic V-butt welds 
which has been shown as an example. Additional applications and comparisons with 
experimental data are given by Klaholz in [20J and the numerical modeling of an 
air-coupled problem is shown by Rudolph in [21], both in these proceedings. 
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